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Extensive-Form Games

History h is ground truth state of the game

All cards for all players
Information set s is observation for one
player
Set of histories consistent with observation
The hand for one player

Policy m(a | s) gives distribution over actions
at information set s

Reach probability n"(h) is joint probability of
reaching history h under

Terminal history z is history at end of game
Utility u(z) is utility for player i




CFR Recap

- Independently minimize v; (7_(_7 h) - Z n“(h’ Z)Uz' (Z)

counterfactual regret at every

information set zh



CFR Recap

Independently minimize ’Uz'(7T7 h) — Z n“(h, Z)Uz'(z)

counterfactual regret at every

information set zh

vi(ms) = S 0T (h)vi(m, h)

hEs



CFR Recap

- Independently minimize -
vi(m h) = > 0" (h, 2)ui(2)

counterfactual regret at every

information set z7h
- Tabular CFR traverses entire tree and
updates policy via no-regret at every
information set ’Uf(ﬂ, 5) - Z nii(h)vi (7T, h)
hes

T T
RT = ;naerf(ﬂt,s,a) — ;naXqu(wt,s,a) — v§(m?, s)
ac acA, —



Deep CFR

- Estimate counterfactual regret
- Regrets are updated only for the
traverser on an iteration.

_ Atinfosets where the traverser acts, all "~ & 2l U\
actions are explored. At other infosets = [ i __ < b [y -
and chance nodes, only a single action ey [ TN/ &« & °
is explored. R amEm | [€]| ..

- Add counterfactual regret estimates to o
replay buffer

- Train neural network to estimate
cumulative regret conditioned on
information set

Brown, Lerer, Gross, and Sandholm, Deep Counterfactual Regret Minimization, ICML 2019



External Sampling Traversal

Algorithm 2 CFR Traversal with External Sampling
function TRAVERSE(h, p, 61,02, My, M, t)
Input: History h, traverser player p, regret network parameters ¢ for each player, advantage memory My, for player
p, strategy memory My, CFR iteration ¢.

if 7 is terminal then
return the payoff to player p
else if /» is a chance node then
a~ o(h)
return TRAVERSE(h - a, p, 01, 02, My, M, t)
else if P(h) = p then > If it’s the traverser’s turn to act
Compute strategy o (I) from predicted advantages V (I(h), a|f,) using regret matching.
for a € A(h) do

v(a) < TRAVERSE(h - a, p, 01,02, My, M, t) > Traverse each action
for a € A(h) do
r7(I,a) < v(a) — Za.’EA(h) o(l,a’)-v(a) > Compute advantages

Insert the infoset and its action advantages (I, ¢,7*(I)) into the advantage memory My,
else > If it’s the opponent’s turn to act
Compute strategy o (I) from predicted advantages V (I(h), a|f5_,) using regret matching.
Insert the infoset and its action probabilities (I, ¢, o*(I)) into the strategy memory M
Sample an action a from the probability distribution o (7).
return TRAVERSE(h - a, p, 01, 02, My, M, t)




Deep CFR Pseudocode

Algorithm 1 Deep Counterfactual Regret Minimization
function DEEPCFR

Initialize each player’s advantage network V' (1, a|f,) with parameters ¢, so that it returns O for all inputs.
Initialize reservoir-sampled advantage memories My ;, My 2 and strategy memory M.

for CFR iterationt = 1 to 7' do

for each player p do
for traversal £ = 1 to K do
TRAVERSE((, p, 01, 02, My ,, M) > Collect data from a game traversal with external sampling

, 2
Train 6, from scratch onloss £(0,) = E; ;7). aq,, {t’ o (‘Ft (a) — V(I, a|9p)) ]

; 2
Train 0 on loss L(0n1) = E(; 4,y pnyy [t’ Yos ((It (a) — TI(1, a|9n)) ]

return 6y




(Outcome-Sampling) Monte-Carlo CFR

- Traversing game tree is too costly
- Instead, sample a trajectory and update information sets along trajectory
- Include importance sampling term to remain unbiased

CFR Term

0; (7, s|z) = nﬁ—i(z[s])’lfj(Z[S],Z)ui(z)

n"(z)

Importance Sampling Term

Lanctot et al. Monte Carlo Sampling for Regret Minimization in
Extensive Games. NIPS ‘09



(Outcome-Sampling) Monte-Carlo CFR

- Traversing game tree is too costly
- Instead, sample a trajectory and update information sets along trajectory
- Include importance sampling term to remain unbiased

Unbiased Estimator of

o P CETEEAuE) 1 Gy
s 2 e | el ) )

Importance Sampling Term

Lanctot et al. Monte Carlo Sampling for Regret Minimization in
Extensive Games. NIPS ‘09



DREAM

Use MC-CFR estimator to estimate
counterfactual regret
Add counterfactual regret estimates to

bi(Li(h), a) +[E2hAD=b @A if g
replay buffer (o, Halz) = { b(L{h). ) ithC 2 haf »
Train neural network to estimate ©)
cumulative regret conditioned on " wilh s
information set ﬂ?(”’h'z):{ Rl =
DREAM reduces variance with "
history-value baseline

0%(0,1(h),alz) = 02(0, h,alz) = =10 it (0, h,alz).
q(h) A

Problem: importance-sampling term causes estimator to have high
variance, making it very difficult to train neural network in large games



ESCHER

1. Replace estimator of history value with learned value function
2. Remove reach-weight importance sampling term by sampling from fixed
distribution




E. zi|7i(7,s,a|z) Zn )7i(m, s, alz)]

= > 07 (2)[ai(m, 2[s], a) — vi(m, 2[s])]
2€Z(s)

_S‘Yn C]z T, 2|8 ] a)—Ui(WaZ[S])]
hEs zjh

_Zn m, h a)—’l)z(ﬂ' h)]
hEs

=7 (5) > 0Ty (Wlas(m, by @) = vi(m, b))

heEs
= w(s)|vi(m,s,a) —vi(m,s)| =w(s)r(m,s,a)



Tabular ESCHER Algorithm

Algorithm 1: Tabular ESCHER with Oracle Value Function

~N N B WND =

O

fort=1,....,7T do

for update player i € {0,1} do

Sample trajectory 7 using sampling distribution 7* (Equation B)

for each state s € T do

for each action a do

Estimate immediate regret vector 7 (7, s, a|z) = ¢; (7, z[s], a)
Update total estimated regret of action a at infostate s:

R(s,a) = R(s,a) + 7(m, s, a|z)
Update 7; (s, a) via regret matching on total estimated regret
return average policy 7

— vi(m, 2[s])




ESCHER

Algorithm 2: ESCHER

14
15
16

Initialize history value function ¢
Initialize policy 7; for both players
fort=1,....,7T do
Retrain history value function g on data from 7
Reinitialize regret networks Ry, R
for update playeri € {0,1} do
for P trajectories do
Get trajectory 7 using sampling distribution (Equation [4)
for each state s € T do
for each action a do
Estimate immediate cf-regret
r(m, s,alz) = qi(m, z[s],al0) — >, mi(s,a)qi (7, 2[s], a|f)

Add (s, 7(m, s)) to cumulative regret buffer
Add (s, a’) to average policy buffer where a’ is action taken at state s in

trajectory 7
Train regret network R; on cumulative regret buffer

Train average policy network 74 on average policy buffer
return average policy network 7




Algorithm History .Value Boostra.pped Import‘flnce
function baseline sampling

ESCHER (Ours) v

Ablation 1 v v

Ablation 2 v v

DREAM / VR-MCCFR v v v

Deep CFR / OS-MCCFR v




Variance

Game

ESCHER (Ours)

Ablation 1

Ablation 2

DREAM

Phantom Tic-Tac-Toe (2.6 +0.1)x10~!

Dark Hex 4
Dark Hex 5

(1.8 £0.1)x107*
(1.3 £0.1)x10™"

(4.1 £0.7)x10"
(1.3 £ 0.9)x10?
(3.3 4+ 1.6)x10?

(1.4 £0.4)x107
(3.1 £ 1.7)x10°
(2.0 £ 0.6) x10°

(4.6 £ 1.0)x 107
(2.8 &+ 2.0)x 108
(5.3 +3.9)x10°

Game

ESCHER (Ours)

Ablation 2

DREAM

OS-MCCFR

Leduc
Battleship

Liar’s Dice

(5.3 :£0.0)x10°
(1.4 £ 0.0) x10°
(9.04+0.1)x107*

(33 L0.7)x10°
(7.1 4+ 0.3)x10?
(7.8 +£0.9)x10"

(2.8 £0.0)x10?
(1.2 +0.0)x10?
(4.0 + 0.8) x10?

(222 00 <167
(2.4 +0.0)x103
(1.2 £0.1)x10?




Experiment: Playing against an opponent that plays uniformly at random

Phantom Tic-Tac-Toe Dark Hex 5 Dark Chess
100% 100% 100% e —
5% 1 P e s  75% 75%
g 50% 50% s = 500 -Fvmemy s
—— ESCHER (Ours) —— ESCHER (Ours) —— ESCHER (Ours)
25% 1 ——: DREAM 25% 1 ==. DREAM 25% 1 ==. DREAM
— . NFSP — . NFSP — -+ NFSP
0% T T T 0% T T 0% T T
2 4 6 1 2 3 0.5 1.0
Information sets touched x 10° Information sets touched x 10 Information sets touched x 107
Experiment: Playing against another baseline head-to-head
Phantom Tic-Tac-Toe Dark Hex 5 Dark Chess
100% 100% 100%
B Ty e
75% - 75% - -’r}’v——'ﬂm”" 75% A f-’
Qo s, “a”";'”
= ' P S S 4 / 'I.
8 0% =T T e amsna] 0% 14 50% {1
25% o ==-. ESCHER vs NFSP 25% 7 ==++ ESCHER vs NFSP 25% 4 —-. ESCHER vs NFSP
= =+ ESCHER vs DREAM — = ESCHER vs DREAM — = ESCHER vs DREAM
0% 1 Ll T O% T 1 0% 1 1
2 4 6 : 2 3 0.5 1.0

Information sets touched x 10° Information sets touched x 106 Information sets touched x 107



Ablation experiment: Playing against an opponent that plays uniformly at random

Phantom Tic-Tac-Toe Dark Hex 4 Dark Hex 5
100% 100% 100%
75% 75% - ™ ] 5% -
| =
IS8 o
5 50% 50% == 50%
——— ESCHER (Ours) ——— ESCHER (Ours) ——— ESCHER (Ours)
25% 1 == Ablation 1 25% 1 == Ablation 1 25% " == Ablation 1
==+ Ablation 2 ===+ Ablation 2 ===+ Ablation 2
0% 1 1 1 0% 1 1 O% 1 1 I
0.5 1.0 1.5 1 2 2 4 6
Information sets touched x 10° Information sets touched x 10° Information sets touched x 10°
Ablation experiment: Playing against another ablation head-to-head
Phantom Tic-Tac-Toe Dark Hex 4 Dark Hex 5
100% 100% 100%
//,- _________ ’V_:_-’-s—-u:—_r—.r.:
75% e g | 75%- e B o
s D e e R I >
g 50% +————=rFr———"—== 50% T 50%
= )
25% == ESCHER vs Ablation 1 25% " == ESCHER vs Ablation 1 25% 9 == ESCHER vs Ablation 1
==+ ESCHER vs Ablation 2 ==+ ESCHER vs Ablation 2 ==+« ESCHER vs Ablation 2
0% 1 1 1 0% 1 1 0% T 1 1
0.5 1.0 1.5 1 2 3 2.5 5.0 7.5

Information sets touched x 106 Information sets touched x 10¢ Information sets touched x 10°



NeuRD

- Recall: All-actions policy gradient

0; = 0;_1 +n; ), Vor(als; Ot_l)[q(s, a;w) — u(s; w)]
a



NeuRD

- Recall: All-actions policy gradient (where 11 is a softmax over logits y)

0; = 0r—1 +n: ), Vor(als;0:-1)|q(s, a; w) — v(s; w)|
d

@ ’

- This doesn’t converge to a NE




NeuRD

- Instead of taking gradient of softmax, take gradient of logits

0 =0r-1+n: Z Vor(als; 9t—1)[CI(3, a; w) — u(s; W)]
a

{

Or —O0r—1+n: 200 Vou(s,a’0:-1)(q: (s, a’sws)—ov(s; wy))



NeuRD

- In normal form, gradient of the logit is just the identity, so equivalent to hedge
- As aresult, could put it in as the local learning rule in CFR to get CFR-Hedge

Or —O0r_1+10: 20 Voy(s, a’s0:-1)(q: (s, a’swi)—v(s; wy))



NeuRD

- Practical algorithm: don’t do reach weighting but do policy gradient with
NeuRD objective [not guaranteed to converge]

Algorithm 1 Neural Replicator Dynamics (NeuRD)

1: Initialize policy weights 0y and critic weights wy.
2: fort e {1,2,...} do
32 Ap-1(0r-1) <« H(y(0:-1))

4: for all 7 € SampleTrajectories(m;—1) do

5 fors,a € r do > POLICY EVALUATION
6: R < Return(s, 7,y)

7 w; « UpdateCritic(ws—1,s,a,R)

8 fors € r do > POLICY IMPROVEMENT
9 v(s; W) «— 2o 7(s,a30:-1) g1 (s, a’swy)

10: Or — O0r—1+n: 2 Voy(s, a’0:-1)(q: (s, a’swr)—v(s; wy))




NashConv

10
1071 -

10-3 ]

10°

NeuRD

101 107
Iteration

(a) Biased RPS

g 101 '
E "
E :
2 10-1 4
S : —— SPG
- . =—— NeuRD
LR | v e g 10—3 ; LA R L ALL) LENRL RS LR LAY | LASRLERLE R ALY | LSS L) | LR IR RLE L |
103 10° 101 102 103 104 105
[teration
(b) Leduc Poker



