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Value of Strategic Game

THEOREM 1. There is a unigue map from G(N) o " that satisfies the axioms of effi-
ciency, halanced threats, symmerry, additivity, and null player. It may he described as
follows:
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where 8; ;. denotes the average of (8G)(S) aver all k-player coalitions § thar include .
Furtherrmore, this rap satisfies the axtom of individual rationalily.
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Axioms of Kohlberg (2021)

e N={1,...,n}isalinite sct ol players,
o A'is the finite'® set of player i’s pure strategies, and 4 = []|_; A,
e ¢': 4 — Risplayer i’s payoff function, and g = (g");cn.
We use the same notation, g, to denote the linear extension
® gf - A(A) - R,
vhere for any set K, A(K) denotes the probability distributions on K, and we denote
o A° = [Tics A', and
e X% =A(A%) (correlated strategies of the players in 5).

We define the direct sum ol strategic games as [ollows.!”
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Axioms of Kohlberg (2021)

We define the direct sum ol strategic games as [ollows.!”

DerinITION 1. Let Gy = (N, Ay, g1) and G, = (N, A3, g,) be two strategic games. Then
G:=G®Gristhegame G = (N, A, g),where A= A4, x A, and g(a) =g (a) + g.(a»).

Denote by G(N) the set of all n-player strategic games. Let y: G(N) — R", This may
be viewed as a map that associates with any strategic game an allocation of payoffs to
the players. We consider a list of axioms for y. lo that end, we first introduce a few
definitions.

Let G € G(N). We define the threat power of coalition S as follows:!?

s

(8G)(S) := max min ( gf(x, 1) — “(x, }). (2)
xe XS ye X N\S ;: ) ; g y
We say that i and j are interchangeable in G if A' = A’ and g' = g/; and for any
a,be AN ,ifa' = b/, a) = b', and a* = b* for all k #1,j, then g(a) = g(b).
We say that i is a null player in G if g'(a) = 0 for all ¢; and if a* = b* for all k + i, then
gla)=g(b).
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Axioms of Kohlberg (2021)

o Lfficiency 3.y v:G =max,c v (X iy §'(a)).
Balanced threats If (6G)(S)=0forall§ C N, theny;=0forallic N.

o Symmetry If i and j are interchangeable in G, then ;G = v;G.

o Null player 1f i is a null player in GG, then y;G = (.

o Additivity v(G1 & G2) = yG1 + vy

o Individual rationality y;(G) > max, _ yi min,_yv; g'(x.y).




Proof Outline

* Games of threats (like coalitional game for
Shapley value)

~ Define Shapley value on GOTs (and is characterized
by similar axioms)

Mapping 0 takes game to GOT.

Characterize 6 on some simple games (but
complex enough to be onto the class of GOTs) -
uniqueness

Show 0 satisfies all the axioms
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Games of threats

A coalitional game of threats is a pair (N, d), where
e N —={l....,n}1s afinite set of players.

e d: 2V - Risafunction such that d(S)= —d(N\S) forall S < V.

Let r: D(N) — R". This mayv be viewed as a map that associates with any game of

threats an allocation of payoffs to the players. Following Shapley (1953), we consider the
following axioms.

For all games of threats (N, d), (N, d), (N, d»), and for all players i, j,
o Lfficiency > ., Wid =d(N).

o Symmetry ijd = fr;d if i and | are interchangeable in d (i.e, if d(SU ) =d(S U j)
VS < N\{i jH.

o Null player ¥;jd =011 1s a null player ind (l.e.,, il d(§SU ) = d(5) VS € N).
. ﬂddfﬂl?ffy ur-'[afl +dy) = u&ch -+ I)ffafg.
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Games of threats

Prorosition 4. There exisls a unigue map . DIN) — R” salis/ying the axioms of ef]i-
ciency, symmetry, null player, and additivity. It may be described as follows:

1 H

lei:d = E édi,k.*

where d, i denotes the average of d(S) over all k -player coalitions that include 1.

DeriNiTION 2. Lel T € N, T # @. The unanimily game of threats, ur € D(N), is delined
by

[ 11 ifsDT,
ur(S)=141—-|T| iftS<CN\T,

0] otherwise.

ProPOSITION 5. Every game of threats is a linear combination of the unanimity games

of threats ur.
AfM




Proof Outline

* Games of threats (like coalitional game for
Shapley value)

~ Define Shapley value on GOTs (and is characterized
by similar axioms)

Mapping 0 takes game to GOT.

Characterize 6 on some simple games (but
complex enough to be onto the class of GOTs) -
uniqueness

Show 0 satisfies all the axioms
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Mapping 6 takes game to
GOT

In this section, we present properties of the mapping 6: G(N) — D(N) that are needed
lor the prool ol the main resull.

Let G € G(N). Forany S € N, let (8G)(S) be as in (2).
LemMa 1. 8G is a game of threats.

Proor. By the minmax theorem, (6G)i(S) = —(8GNN\S) forany S C N.

We reler (o 6G as Lthe game ol Uireals associaled with G.

LEMMA 2. §: G(N) — D(N) satisfies:

e 5(G1&Gr)=06G1+4+6G; forany Gy, Gz =« G(N).

e S(aG) = wdG forany G € G(N) and a = (.




Mapping 6 takes game to
GOT

Proor. Letval((G) denote the minmax value of the two-person zero-sumn strategic game
G. Then val(G & Go) =val(Gy) + val(Ga).

To see this, note that by playing an optimal strategv in | as well as an optimal strat-
egy in (2, each player guarantees the payoft val(Gy) + val( G2 ),

Now apply the ahove ta all two-person zero-sum games played berween a coalition
S and its complement NV \ §, as indicated in (2). ]

The next lemma is an immediate consequence of the definition of &.

LemMa 3. &: G(M) — D(XN) satisfies:
o (BG)(N)=max,c ;N (D jen gh(a)).
o Ifiand jareinlerchangeable in G theniand j are inlerchangeable in 86G.

e Ifiisanull playerin G, then i is a null player in 6G.
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Proof Outline

* Games of threats (like coalitional game for
Shapley value)

~ Define Shapley value on GOTs (and is characterized
by similar axioms)

Mapping 0 takes game to GOT.

Characterize d on some simple games (but
complex enough to be onto the class of
GOTs) - uniqueness

Show 0 satisfies all the axioms
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Characterize on simple
games

DEerFINITION 3. Let T © N, T # 2. The unanimity strategic game on 7, henceforth the
unanimity game on 7,is U/t = (N, A, g7), where

A' =0, 1} forallie N,

gria)=1rila'=1lorallic T, and gr(a) =0 olherwise.

That is, if all the members of 7" consent then they each receive 1; however, if even
one member dissents, then all receive zero; the players outside T always receive zero.

Levmma 4. Let T # @, and let U € G(N) be the unanimity game on T and ur = D(N') be
the unanimity game of threatson T. Then sUy = u-.

Proor. Consider the two-person zero-sum game between Sand N \ §.

If SN 1 1sneither 2 nor /', then both § and N\ include a player in 7. lf these players
dissent, then all players receive 0. Thus, the minmax value, (8U¢)(5), is 0.

If § 1T =T then, by consenting, the plavers in $ can guarantee a pavoff of 1 to each
player in 7 and 0 to all the others. Thus, (6UT)(8) =|T|.

If §N T = 2 then, by consenting, the players in N \ § can guarantee a payoff of 1 to
each playerin 7' Z N\ § and 0 to all the others. Thus, (8UT)(8) = —|1].

By Definition 2, 8Ur = ury.




Characterize on simple
games

DeriniTiON 4. The antiunanimily game on 7' is Vr = (N, A, g), where Al={SCT:S#
@yand g(S1,....8.0 = e —Ly.-

That is, each player in T chooses a nonempty subset of 7 where each member loses
1. Players outside T also choose such subsets, but their choices have no impact. Thus,

the pavaff to anv player, i, is minus the number of players in 7 whase chasen set in-
cludes :.

LEMMA 5. 8V = —uy.

PrRoOOF. Let § be a subset of N such that 7 < §. In the zero-sum game between § and its
complement, each player in S chooses a subsel ol T ol size 1. Thus, (8V7)(8) = —|T].

Let S be a subsetof N suchthat TS+« 2and T\ § £ 2. In the zero-sum game
beltween § and its complemenl, the minmax strategies are [or the players in $ (o choose
T\ § and for the plavers in N\ § to choose T 8. The resulting payotfis —1,1, — (—t:17) =
0, where {; and #» are the number of elements of TN § and 7T\ §, respectively. Thus,
(6V7)(8)=0.

Therefore, 61 = —uy. 1
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LEMMA 6. For every game of threats d € D(N), there exists a strategic game U € G(N)
such that 6U = d. Mureover, there exists such a game that can be expressed as a direct sum
of nonnegative multiples of the unanimity games {U '} yc y and the antiunanimity games
{Frlren.

Proor. By Proposition 5, 4 is a linear combinartion of the unanimitv games of threats
HT.

d = Z UTUT — Z Brur where ar, 87 = 0forall 1.
1 T

By Lemmas 4 and 5,
d = Z a(arUr) + Z o(BrhT),
= >

and, by Lemma 2,

P

a’:ﬁ((@ .TTUT) D (@ ,GTVT))

TCN TCN =

where &7 stands for the direct sum of the games parameterized by T. |

REMARK 14, In particular, Lemma 6 establishes that the mapping 6: G(N) — D(N) is
anto.




Characterize on simple
games

LEMmMA 7. Forevery G = Z(N), there exists a 6-inverse, thatis, U € G(N) such that 5(G &
[7)=(. Mareover, if (' € C(N) is such that 8(G" = 8G then there exists I e G(N) thatisa
& — inverse of both G and G".

Prook. Consider —6G € (V). By Lemma b, there exists U € G(N) such that —6G =
al/. By lemma 2, 6(G: @ ) =0. And if (¢ is such that 4G’ = 6G then, by the same
argument, §(G'e U) = 0. ]

ProPOSITION 7. Ify: G(N) — R" satisfies the axioms of balanced threats, efficiency, and
additivity, then v( is a function of 3¢.

Proor. Let G, G’ € G(N) be such that §G = 8G’. We must show that yG = vG’. By
l.emma 7, there exists U € G(N) such that 8(G @ U) =0= 4(G" D U). By the axiom of
balanced threats, y(G® U) = 0= y(G" @& U). Thus, by the additivity axiom, yG = —yU =
yG'. ]
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Characterize on simple
games

LemMA 8. Forany 1 # 2 and « = 0, the axioms of symmeiry, null player, and efficiency
determine y on the game aUy. Specifically, y(a«Uy) = aly.

Proor. Anyi ¢ T is a null player in Ur, and so y; = 0. Any 1, j € T are interchangeable
in Uy, and so y; = ;. By efficiency, the sum of the y; is the maximum total payoff, which
since o > (), is a|T|. Thus, each of the |T| nonzero v; is equal to «. ]

LEMMA 9. For any a > 0, the axioms (of symmeiry, null player, additivity, balanced
threats, and efficiency) determine y on the game «lr. Specifically, y(aV7r) = —al 7.

Proor. By Lemma 8, the axioms determine y(«lU7) = alr. ByLemmas4 and 5, 6{alT®
alUr) = 0. Therefore, by the axiom of balanced threats, v(al7 & «Uy) = 0. Thus, by

additivily, y(alV71) = —y(alUr) = —alrT. ]
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Finish proof

ProrPOSITION 8. The map vy of formula (3) satisfies the axiom of individual rationality.

Proor orF THEOREM 1. We first prove uniqueness. Let G € G(N ). Consider 6G € D(N);
by Lemma 6 there exists a game U € (V) that is a direct sum of nonnegative multiples
of the unanimity games {Ur}r_y and the antiunanimiry games (V7 }ron, such that 4G =
oU.

By Proposition 7, yG = yU and so it suffices to show that yU is determined by the

axioms.

Now, by Lemmas 8 and 9, vy is determined on nonnegative multiples of the unanimity
games (/7] 7y and the antiunanimity games (V7] 7 y. Tt then follows from the axiom
of additivity that vy is determined on U.

To prove existence, we show that the value, y = | o 8, satisfies the axioms.

Elliciency, symimnetry, and the null player axiom lollow [rom Lemina 3 and the corre-
sponding properties of the Shapley value .

Additivity fallows from Temma 2 and the linearity of the Shapley value.

The axiom of balanced threats follows from formula (3). If (G )(S) =0 forall § € N,
then y;G =0forallie N.

Finally, Proposition 8 establishes that v satisfies the axiom of individual rationality.
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