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One game, four representations

1. Game tree
2. Normal form
3. Sequence form

4. LP and equilibrium

At every stage, we keep the same information and the same net chip payoffs.

Game tree Normal form Sequence form LP solution
histories complete plans own action paths equilibrium
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Kuhn poker: rules and payoffs

= Three cards: J < Q < K. Each player antes 1 chip; deal one private card to each,
uniformly without replacement. The third card stays unseen.

= P1 acts first: check (c) or bet 1 (b).

= After ¢, P2 checks (showdown) or bets 1; after that bet, P1 calls (C) or folds (F).

= After b, P2 calls or folds. There are no raises. At showdown, the higher card wins.
Payoff means net chips, including the ante

Check—check: winner +1, loser —1. A called bet: winner +2, loser —2. A fold: folder —1,
opponent +1. Always uy = —ujy.
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Chance and P1’s first information sets

An ordered deal (d, e) means P1 holds d, P2 holds e. Each of the six deals has probability 1/6.

P1 sees its own card, so it can distinguish these three information sets. It cannot distinguish the two
nodes inside one dashed box.

Think about it
Can P1 bet differently at (J, Q) and (J, K)? Why?
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The complete tree: all six deals, all 30 terminals

¢ = check, b = bet, C = call, F = fold. Circles: P1; rectangles: P2. Equal / labels denote the same
information set.
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1 chance node + 24 decision nodes + 30 leaves = .
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Enlarged branches: P1 holds a Jack

P1 must use the same rule at matching blue nodes in these two branches.

Deal (4, Q) Deal (J, K)

c C
O
C F

/ \
(-2,2) (-1,1)

P2's orange nodes are in different information sets: P2 knows whether it holds Q or K.
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Trace the chips: deal (K, J) and the payoff ledger

Every deal’s five leaves: u;

Deal cc bC bF cbC cbF
JQ | -1 =2 1 -2 -1
JK -1 =2 1 -2 -1
QJ 1 2 1 2 -1
QK | -1 =2 1 -2 -1
KJ 1 2 1 2 -1
KQ 1 2 1 2 -1

At KJ, bC, the pot is 4. P1 contributed 2 and
receives 4: net +2; P2's net is —2.

Think about it
If P2 folds to a bet, why is P1's net gain only 1 chip?
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The information-set atlas: group by what the player knows

Each dashed box joins the two actual nodes with the listed deal and history.

______________

______

____________

P1: 3 initial +3 after cb = 6 information sets.
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P2: 3 after ¢ + 3 after b = 6.
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A pure strategy specifies all six decisions

P1: write (as,aq,ax ; 11, rq, k), where ag € {c, b} at I ; and ry € {C, F} at I{",.

S ={c, b3 x {C,F}3,  |S1|=2%2°=[64]

P2: write (ay, aq, ak ; rs, rq, rx), where ag € {c, b} after P1 checks and ry € {C, F} after P1 bets.

S ={c, b x {C.F}®, |5 =[64]

For either player, the enumeration is all 8 first triples paired with all 8 second triples:

ccc, ccb, cbe, cbb, bec, beb, bbe, bbb;
CCC, CCF,CFC,CFF,FCC,FCF, FFC, FFF.

Think about it
Even if P1 chooses bbb, why does a full pure strategy still specify its response after cb?
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A numerical portion of the 64 x 64 normal form

M|s1, s5] averages P1's net payoff over all six deals. Each label lists actions in card order J, Q, K.

| (ccc; FFF) (ccc; CCC)  (bbb; FFF)  (bbb; CCC)
(ccc; FFF) 0 0 -1 -1
(ccc; €CCC) 0 0 0 0
(bbb; FFF) 1 0 1 0
(beb; FCC) 2/3 0 2/3 0

For example, (ccc; FFF) against (bbb; FFF) always reaches cbF: M = 3. 4. (1) = —1.

Normal-form LP for P1

maxp,, Vv subjectto MTp>v1,1Tp =1, p>0. This is what we'd have to solve with a standard
LP if we didn’t have the sequence form.

Here: 642 = 4,096 matrix entries versus 55 tree nodes. In general, binary information sets give 2! pure
strategies: the blowup is exponential in the number of information sets.
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List the sequences: keep the information-set labels
As in L12, g; is an ordered list of that player’s own (I, a) pairs. Chance and the opponent’s actions

are excluded; their observations identify /. Think about it: Are “check with J" and “check with Q"
the same sequence?
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List the sequences: keep the information-set labels

As in L12, g; is an ordered list of that player’s own (I, a) pairs. Chance and the opponent’s actions
are excluded; their observations identify /. Think about it: Are “check with J" and “check with Q"

the same sequence?

For each d € {J, Q, K}, use these abbreviations:

P1 P2
ca=((Hac))  check ha = ((%,4, )
ba = (.4, b)) bet ta = ((/5,4, b))
ra = cq - (If%, C) check, then call | ag = ((/34, C))
sa =ca- (I{%, F) check, then fold | fy = ((13 4, F))

The fixed row/column orders for all following matrices are

check after ¢
bet after ¢
call after b
fold after b

Q1 = (0, ¢y, cq, ck, by, ba, bk, 14, rq, rk, 51,59, Sk )

Qo = (0, hy, hg, hk, t, tq, tk, a, aq, ax, 4, fq, fk).

13 sequences each, not five unlabelled action patterns. Every nonempty P2 sequence contains just one P2

action.
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The two flow matrices, row by row

E; (Player 1) E> (Player 2)

0| cs cq ck|bs bg bk|ry rq rk|ss sq sk Blhs hq hk|ts to tx|as aq ax|fs fq fi
0 1/ 0 0 00 O 0/O0O O 0OJO O O 0 1/0 0 0|0 O 0|0 O 0|0 O O
I?.J -1 1 0 01 0 0/0 0 OJO O O Ir,/-1]1 0 0/1 0 0/0 0 0{0 0O
IRVQ -1 0 1 0/0 1 0/0 0 OO O O l3|—1/0 1 0/0 1 0|0 0 0/0 0O
/ﬁK -1 0 0 10 0 10 0 OJO O O I3 k|—1/0 0 1|0 0 1]0 0 0/0 0 O
I o]-1 0 0/0 0 O0/1 00100 I5,/-110 0 0/0 0 O[1 0 0[1 00
/ff’o 0 0-1 0/0 O 0/0O 1 0{0 1O Iny -1/ 0 0 0/0 0 0|0 1 0/0O 1 O
el ol 0 0o—-1/0 0 0/0 0 1/0 0 1 |-1/0 0 0/0 0 of0 0 1/0 0 1

For every d € {J, Q, K}, the two kinds of information-set rows say

x1(cq) + x1(bd) = x1(0), x1(ra) + x1(s¢) = x1(cq),
x2(ha) + x2(td) = x2(0), x2(aq) + x2(fa) = x2(0).

Both E; are 7 x 13; Eix; = e, & = (1,0,0,0,0,0,0)". Row 0 sets x;(}) = 1; other rows have —1 at the
parent, +1 at children.

Weights exclude chance: each card has a separate flow equation.
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Build A from terminal nodes: five hand calculations

1
Algr, g2] = Z u(z) me(2), 7(z) = ¢
zq(2)=q
a(2)=q2
Entry Matching deal and public history  Contribution
Albk,as;] (K,J), P1 bets, P2 calls (+2)(1/6) =1/3
Alcs, he]l  (J, Q), check—check (-1)(1/6) = —1/6
Alrg,t]  (Q, K), check—bet—call (-2)(1/6) = —1/3
Also,ts]  (Q,J), check—bet—fold (-1)(1/6) = —1/6
Albs, ] (J,K), bet—fold (+1)(1/6) = 1/6

Each of these pairs matches exactly one terminal; its sum has one term. For example, A[bk, ax] =0
because the same card cannot be dealt twice. Think about it: Why is A[ce, tk] = 0, although check—bet is
possible?
Answer: it is not terminal. P1 must continue to rg or sq. Realization weights exclude chance; the factor 1/6
enters A exactly once.
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The full sequence-form payoff matrix

Rows are Q1, columns are Q,. The table is 6A: multiply every entry by 1/6 to obtain A.

U, = xlT Axo.
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Olhy he he| ty to tx|ay ag ak|fi fo fx
0] O 0 0 0 0 0| 0 0 0|0 0 O
cy|0] 0 -1 -1 0 0 0| 0 0 0|0 0 O
co|0] 1 0 —1 0 0 0] 0 0 00 0 O
ck 0] 1 1 0 0 0 0| 0 0 00 0 O
b, |0| O 0 0 0 0 0|0 -2 -2/0 1 1

6A — bo|0| O 0 0 0 0 0] 2 0 —2|1 0 1
bk |0] O 0 0 0 0 0 2 2 0(1 1 O
r; 0| O 0 0 0 -2 =210 0 00 0 O
r |0 O 0 0 2 0 —2| 0 0 00 0 O
r |0 O 0 0 2 2 0| 0 0 00 0 O
s;|0] O 0 0 0 -1 -1|0 0 00 0 O
s |0]| O 0 0]—-1 0 —-1| 0 0 0|0 0 O
sk |0 O 0 0|—-1 -1 0] 0 0 00 0 O

A: 13 x 13 = 169 entries, 30 nonzeros; normal form: 64 x 64 = 4,096.
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P1’s LP: L12 with all coefficients filled in

L12: max e;—vz subject to Eix; = ey, AT xg — E2TV2 >0, x1 > 0. Write vo» = (vo, uy, ug, Uk, wy, wg, wk) and

abbreviate ¢g = x1(¢q4), ba = x1(bd), ra = x1(rq), sq = x1(sq4)-

max v
s.t. X1(®) =1, ca+bs=1 ro+sqs=cq (d =J, Q7 K)7
vo < uy+ ug + uk + wy + wg + w.

The remaining 12 inequalities are the table entries (one per nonempty P2 sequence):

columns of A|J Q K
hq 6u; < cq+ck bug < —cy +ck 6ux < —cy —cq
ty 6uy; <2ro+2rk —sg — sk bug < —2rj+2rk —s;— sk buxk < —2r; —2rg —s; — s
ag 6wy < 2bg + 2bk 6wg < —2b, + 2bg 6wy < —2b; — 2bg
fq 6w, < bg + bk 6wg < by + bk 6wk < by + bg

x1 > 0; all seven v» variables are unrestricted in sign.

Size: 20 variables, 7 equalities, 13 payoff inequalities, 13 nonnegativity bounds.
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One optimal pair of realization plans

Use the sequence orders from Stage 3. Both empty-sequence weights equal 1.
Player 1: x; Player 2: x3
Sequence ‘ J QR K Sequence ‘ J R K
Cd 2/3 1 0 hy 2/3 1 0
by 1/3 0 1 ty 1/3 0 1
rq 0 2/3 0 ad 0o 1/3 1
Sd 2/3 1/3 0 fq 1 2/3 0

For example, the P1 flow at /% is 04 2/3 = 2/3; at I, itis 2/3+1/3 = 1. Thus E;x* = e;.

Expected payoff, in deal order JQ, JK, QJ, QK, KJ, KQ:

1 2 4 5 1

4
*T *
Xy AX) 6( 3 3—1- 3+ +3)

=l

These are own-action products, not probabilities of being dealt each card.
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Recover the complete behavioral equilibrium

o x(a) >, L1z gves s )= LD

Action probability J R K
P1: bet initially 1/3 0 1

P1: call after check—bet | 0 2/3 1f
P2: bet after P1 checks | 1/3 0 1
P2: call after P1 bets 0o 1/3 1

The other action has the complementary probability. For instance, 81(C | %) = (2/3)/1 =2/3 and
Bu(F | 1)) = (2/3)/(2/3) = 1.

1 P1 never checks K: xi(ck) = 0, so the ratio is 0/0. Choose call with probability 1 there; this off-path
choice leaves x;" unchanged.

The familiar endpoint equilibrium: P1 bets K, checks Q, bluffs J at 1/3; P2 calls K, folds J, and calls Q at
1/3.
Reference: Hoehn et al. (2005, AAAI), Opponent Exploitation in Simplified Poker, p. 2.
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https://poker.cs.ualberta.ca/publications/AAAI05.pdf

Verify optimality: matching primal and dual certificates

Let X; = {x; > 0: Eix; = e;}. An expected payoff alone does not prove equilibrium. Use L12's dual:
min elTvl, with Exxo = e, E1Tv1 —Axx >0, x2 > 0.

*7(,; 11 _7 12 ,;)T
2 — 187 67 97 187 679 9 ?

= (-4, —3 -3 & -1 -2 ;)T
1= 187 379718 67 979 :

<

The coordinates follow the row orders of E> and Ei, respectively. Direct multiplication gives

ATxi — B vi = (0, 0,0, %; 0,0,0; 1,0,0; 0,0,1)" >0,

E v — Ax = (0; 0,0,0; 0,,0; 1,0,0, 0,0,1)" >0.

» 180 Y 6

Both objective values equal —1/18, so weak duality certifies optimality:

* ]- *
Vxi € X1, x2 € Xo: XlTAXQ < 18 < XlTAX2.

Independent check: enumeration of all 64 pure deviations per player gives
maxs, Ui(s1, x5 ) = ming, Ui(x{, s2) = —1/18.
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Four representations of the same game

Representation What is stored Size for this game

Game tree Histories, information sets, chance, leaf 55 nodes; 30 leaves; 6 information sets
payoffs per player

Normal form Payoff for each pair of complete pure 64 x 64 = 4,096 entries
plans

Sequence form Own action sequences, flow matrices, 13 sequences per player; E; : 7 x 13;

sparse payoffs

P1's sequence LP One plan and the opponent's dual flow
values

A : 13 x 13, 30 nonzeros

20 variables; 7 equalities; 13 payoff in-
equalities

What the sequence form saves

Perfect recall lets flow constraints encode strategic possibilities without enumerating exponentially

many complete plans. The equilibrium value remains —1/18 for P1.
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